L E S S O N The

Fundamental
Theorem of
Calculus

ere comes the resounding climax of calculus. It would be best to read this lesson with some
H bombastic orchestral music like that of Wagner or Orff. This, however, is not necessary. The initial

question here is innocent enough: If we make a function from that “area under a curve” stuff, what
would its derivative be? So suppose that our curveis y = f{¢) (see Figure 17.1). We use the variable tin order
to save x for something more important.
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Now let our “area under the curve function” be
g(x) = the area under the curve y = f{t) between 0

and some point x. Therefore, g(x) = J f(t)dt. This
0

area is illustrated in Figure 17.2.
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Example

If f(t) = 2t and g(x) = J?(t)dt,thenwhat is g(3)?

Solution
3

3
g3) = jﬂt)dt= J 2tdt = the area beneath the
0 o

curve y = 2t from 0 to 3. The graph of f{(t) = 2tis
shown in Figure 17.3. This area is a triangle with base

3
3 and height 6,50 g(3) = J' 2tdt = %(3)(6) =9,

0
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» Practice

Suppose f{t) = 5t + 1 and g(x) = J
ate the following.

1. g1)

2. 42)

3. ¢(3)

4. g(4)

5. 4(5)

6. ¢(0)

Now suppose f(t) = 7 and g(x) = I
ate the following. 0

7. £0)
8. g1)

f(t)dt . Evalu-

0

f(t)dt . Evalu-




9. g2)
10. g(3)
11. g4)
12. «(5)

X

Now that the concept of g(x) = j flt)dt is clear, we
0
can answer the next question: What is the derivative of

gx)?

Begin with the definition of the derivative.
+ h) —

£ = iy T~ 89

Use g(x) = jxf(t)dt.
x+hj(t)dt— fo(t)dt
¢(x) = lim— A 2

Use ch(t)dt— ff(t)dt= ch(t)dt.

x+h
flt)dt
=

x+h

Now the integral J f(¥)dt represents the

X
skinny little area just to the right of point x (see Figure
17.4). This is almost a rectangle with a base of hand a

x+h
height of f{x), so the integral J f(t)dt is almost

X

h- f{x). As h gets really small, this area gets closer to
being a rectangle (see Figure 17.5).
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Therefore, as h approaches zero, this integral
approaches h- f{x), thus:

fx+hﬂt)dt
g(x) = Jim=—p
= im0 = 9 = 9




The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus can be written as follows:

be_(x)dx = rf(x)dx - Jaf(x)dx = g(b) — g(a), where g'(x) = f(x)

What does this mean? It means that the deriva-
tive of the function g(x), which represents “the area
under the curve,” is the very function f{x) used to
draw the curve. It came as an amazing surprise to the
world of mathematics that the process of finding the
slope of a tangent line and the process of finding the
area under a curve were exact opposites. In order to
find the area under a curve y = f{x), we need to find
a function g(x) whose derivative is f{x).

b
We can use this to evaluate I f(x)dx by the
a
Fundamental Theorem of Calculus (see Figure 17.6).
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For example, the derivative of g(x) = & is
g (x) = 2x.Thus, the area under f(x) = 2x between

5
x=3and x = 5 is fodx=g(5)—8’(3)=
3

52 — 3% = 16. This is exactly the area of the trapezoid
under theline y = 2x between x = 3 and x = 5. How-
ever, here the Fundamental Theorem of Calculus saves
us from having to draw out the graph of y = 2x.

Example
The derivative of g(x) = %x’ is g'(x) = #2. Use this

2
to evaluate J KCdx.
-1

Solution

By the Fundamental Theorem of Calculus,

b
J]{x)dx = g(b) — g(a),where g'(x) = f{x). Thus,

ff¢=gn—gﬂ)

8

1,y _ 1 3 _ -
=§(2) —g(—l) —-—3'+ =3,

1
3

Even if we had drawn out the graph of y = £,
how would we have been able to guess that the area of
the two shaded curves add up to exactly three? This is
why the Fundamental Theorem of Calculus is so
powerful! (See Figure 17.7.)
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Figure 17.7

Example

If g(x) = x*, then ¢'(x) = 4x’. Use this to evaluate

1
J 4x dx .

1

Solution

Jlﬁlfdx: g1) — g(—1)

1
=l'=(-1f=1-1=90

The answer is zero because there is exactly as much
area above the x-axis (which counts positively) as there
is below the x-axis (which counts negatively).

» Practice

If g(x) = + x then g'(x) = 2x + 1. Use this to
evaluate the following.

3
13. J' (2x + 1)dx
1
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1
14. J (2x + 1)dx
-3
6
15. J(2x+ 1)dx
4
16. J(2x+ 1)dx
0

Use i(%}C) = Vx to evaluate the following.




